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HILBERT CURVE CHARACTERIZATIONS OF SOME RELEVANT
POLARIZED MANIFOLDS
ANTONIO LANTERI AND ANDREA LUIGI TIRONI
Abstract. Hilbert curves of special varieties like Fano manifolds of low coindex as well as
fibrations having such a manifold as general fiber, endowed with appropriate polarizations,
are investigated. In particular, all most relevant varieties arising in adjunction theory are
characterized in terms of their Hilbert curves.
Introduction
The Hilbert curve Γ = Γ(X,L) of a polarized manifold (X,L) was introduced in [1] and fur-
ther studied in [9], [10]. It is the affine plane curve of degree n = dimX defined by p(x, y) = 0,
where p is the complexified of the polynomial expression provided by the Riemann–Roch
theorem for the Euler–Poincare´ characteristic χ(xKX + yL), regarding x and y as complex
variables. Clearly p ∈ Q[x, y] is a numerical polynomial. As shown in [1], Γ encodes interest-
ing properties of the pair (X,L); in particular it is sensitive to the possibility of fibering X
over a variety of smaller dimension via an adjoint bundle to L. This makes polarized varieties
arising in adjunction theory [2] very interesting from the point of view of their Hilbert curves.
In this paper, inspired by the study of Hilbert curves of projective bundles over a smooth
curve made in [9], we provide a unifying perspective of the Hilbert curves of these special
varieties.
Since Fano manifolds are the building blocks of these varieties, we first address (Section
2) the study of pairs (X,L), where X is a Fano manifold of dimension n and L = r
ιX
(−KX),
ιX being the index of X and r any positive integer. For such a pair (X,L) we determine
explicitly the canonical equation p(x, y) = 0 of Γ (Algorithm 1). It turns out that, in A2C, Γ
consists of n parallel lines with slope ιX
r
. While ιX − 1 of these lines are always defined over
Q, the total reducibility of p(x, y) over Q is a delicate problem for ιX ≤ n− 1. We provide
a partial answer concerning toric Fano manifolds (Proposition 2.2 and Tables 1 and 2) and
a complete discussion for del Pezzo manifolds (Table 3). Moreover for r and ιX coprime and
ιX >
n+1
2
we provide a characterization of pairs (X,L) as above in terms of their Hilbert
curves (Corollary 2.5). The above applies to Fano manifolds of low coindex, including in
particular the cases in which X is a projective space Pn, a smooth quadric hypersurface Qn,
a del Pezzo or a Mukai manifold (Theorem 2.7 and Proposition 2.10). We want to emphasize
that in general (X,L) is characterized by various properties of Γ and not only by its shape.
For instance, the Hilbert curve of
(
P3,O(2)
)
and that of the del Pezzo threefold of degree 7
consist of three parallel evenly spaced lines with the same slope (over C or R); what makes
them different is the arithmetic (Remark 2.8).
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Next we consider Fano fibrations of low coindex. Here we can assume that rk〈KX , L〉 = 2.
When X fibers over a curve and LF =
r
ιF
(−KF ), F being a general fiber (Section 3), some
ideas used in [9] to deal with the case of projective bundles are further developed and lead
to a complete characterization of P-bundles (Theorem 3.6), Q-fibrations (Theorem 3.11) and
del Pezzo fibrations (Theorem 3.13) in terms of their Hilbert curves, assuming that a suitable
adjoint bundle is nef. In particular, this generalizes [9, Theorem 4.1] and [10, Theorem 6]. In
fact, to get the canonical equation of Γ we describe two approaches. The first one relies on a
technical lemma (Lemma 3.2), which, under certain conditions, ensures that there exists an
ample line bundle L on X , deriving from L and KX , inducing the fundamental divisor on the
general fiber: in a sense this allows us to work as if it were r = 1. We illustrate this approach
for Q-fibrations relying on [10, Proposition 3]. A second approach, which is necessary in the
general case due to the lack of specific results for r = 1 (e. g. for del Pezzo fibrations), is based
on the additivity of the Euler–Poincare´ characteristic χ for exact sequences. Essentially, this
allows us to relate the equation of the Hilbert curve of a fibration with that of its general
fiber and since the latter is a Fano manifold of low coindex we can apply the results in Section
2. This leads to an algorithm (Algorithm 2) to obtain the equation of the Hilbert curve and
we make it explicit for i) P-bundles and ii) del Pezzo fibrations. As to case i), a conjecture
[9, Conjecture C(n, r)] claims that a polarized manifold (X,L) of dimension n ≥ 3, with
rk〈KX , L〉 = 2 is a P
n−1-bundle over a smooth curve with L inducing OPn−1(r) on every fiber,
with gcd(r, n) = 1, if and only if its Hilbert curve Γ contains the fixed point of the Serre
involution and consists of n lines, n− 1 of which exactly are parallel each other, with slope
n
r
and evenly spaced. For r = 1, C(n, r) was proved in [9]. As a consequence of Theorem 3.6
it turns out that this conjecture is true also for r ≥ 2, provided that rKX + nL is nef.
More generally, in Section 4 we consider Fano fibrations of low coindex over a normal
variety of dimension ≥ 2. The technique relying on the additivity of χ for exact sequences
applies also in this case. Here we relate the equation of the Hilbert curve of a fibration with
that of a suitable divisor, which is in turn a Fano fibration of the same coindex but of smaller
dimension and by induction we reduce to the case of fibrations over a smooth curve, which
allows us to apply the results in Section 3. This leads to an algorithm (Algorithm 3) to obtain
the equation of the Hilbert curve, for instance for a projective bundle over a smooth surface.
To give a concrete example, we make it explicit for scrolls (Example 4.2); for a different
approach relying on direct Chern class computations we refer to [11]. Moreover, also in this
case we succeed to characterize the structure of (X,L) in terms of its Hilbert curve, under
the assumption that KX + (n− 1)L is nef (Theorem 4.3).
Finally, the link to a program in MAGMA for checking the total reducibility of p(x, y)
over Q for toric Fano manifolds, as well as the above algorithms produced in the paper, are
contained in the Appendix. Several computations have been done with the help of Maple 15.
1. Background material
Varieties considered in this paper are defined over the field C of complex numbers. We use
the standard notation and terminology from algebraic geometry. A manifold is any smooth
projective variety. Tensor products of line bundles are denoted additively. The pullback of a
vector bundle F on a manifold X by an embedding Y →֒ X is simply denoted by FY . We
denote by KX the canonical bundle of a manifold X . The symbol ≡ will stand for numerical
equivalence. A polarized manifold is a pair (X,L) consisting of a manifold X and an ample
line bundle L on X .
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A Fano manifold is a manifold X such that −KX is an ample line bundle (X is also called
a del Pezzo surface if dimX = 2). The index ιX of X is defined as the greatest positive
integer which divides −KX in Pic(X), the Picard group of X , while by the coindex of X we
simply mean the nonnegative integer cX := dimX+1−ιX . Moreover, we say that a polarized
manifold (X,L) of dimension n is a del Pezzo manifold (respectively a Mukai manifold) if
KX + (n− 1)L = OX (respectively KX + (n− 2)L = OX).
Let (X,L) be a polarized manifold of dimension n; we say that (X,L) is a Fano fibration of
coindex n−m+1− t if there exists a surjective morphism with connected fibers ϕ : X → Y
onto a normal variety Y of dimension m < n such that KX + tL = ϕ
∗H for some ample
line bundle H on Y and positive integer t. In particular, a scroll (X,L) is a Fano fibration
of coindex 0, a quadric fibration is a Fano fibration of coindex 1 and so on. Let us note
here that a Fano fibration of dimension n and coindex 0 over a curve C (or a surface S) is a
projective bundle P(V ) for some ample vector bundle V of rank n (or n− 1) over C (or S).
We say that a polarized manifold (X,L) is a P–bundle over a normal variety Y if X = P(F )
for some vector bundle F on Y and L is any ample line bundle on X ; we say that (X,L)
is a Q–fibration over Y if X is endowed with a surjective morphism X → Y whose general
fiber is a smooth quadric hypersurface and L is any ample line bundle on X .
For the notion and the general properties of the Hilbert curve associated to a polarized
manifold we refer to [1]. Here we just recall some basic facts. Let (X,L) be a polarized
manifold of dimension n. For any line bundle D on X consider the expression of the Euler–
Poincare´ characteristic χ(D) provided by the Riemann–Roch theorem
(1) χ(D) =
1
n!
Dn −
1
2(n− 1)!
KXD
n−1 + terms of lower degree
(a polynomial of degree n in the Chern class of D, whose coefficients are polynomials in the
Chern classes of X [8, Theorem 20.3.2]). Let p (or p(X,L) to avoid possible ambiguity) be the
complexified polynomial of χ(D), when we set D = xKX + yL, with x, y complex numbers,
namely p(x, y) := χ(xKX + yL). The Hilbert curve (HC for short) of (X,L) is the complex
affine plane curve Γ = Γ(X,L) of degree n defined by p(x, y) = 0 [1, Section 2]. We refer to
p(x, y) = 0 as the canonical equation of Γ. Clearly, p(X,L)(x, y) = p(X,L′)(x, y) if L ≡ L
′, hence
two numerically equivalent polarizations on X give rise to the same HC. If rk〈KX , L〉 = 2
in Num(X), and we consider N(X) := Num(X) ⊗Z C as a complex affine space, then Γ is
the section of the Hilbert variety of X ([1, §2]) with the plane A2 = C〈KX , L〉, generated
by the classes of KX and L. On the other hand, if rk〈KX , L〉 = 1 in Num(X), Γ loses this
meaning, the plane of coordinates (x, y) being only formal. We will refer to this situation as
the degenerate case. Since p ∈ Q[x, y] is a numerical polynomial, Γ is defined over Q, hence
we can also look at ΓR ⊂ A
2
R and ΓQ ⊂ A
2
Q.
Taking into account that c := 1
2
KX is the fixed point of the Serre involution D 7→ KX −D
acting on N(X), sometimes it is convenient to represent Γ in terms of affine coordinates
(u = x − 1
2
, v = y) centered at c instead of (x, y). In other words, we set D = 1
2
KX + E,
where E = uKX + vL. Then Γ can be represented with respect to these coordinates by
p(1
2
+ u, v) = 0. An obvious advantage is that, due to Serre duality, Γ is invariant under the
symmetry (u, v) 7→ (−u,−v). Sometimes, to deal with points at infinity, it is convenient to
consider also the projective Hilbert curve Γ ⊂ P2, namely the projective closure of Γ. In this
case we use x, y, z as homogeneous coordinates on P2, z = 0 representing the line at infinity.
Given a point (x, y) ∈ A2, we write (x : y : 1) to denote the same point when regarded as a
point of P2. Moreover, we denote by p0(x, y, z) the homogeneous polynomial associated with
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p(x, y) (i. e., p(x, y) = p0(x, y, 1)), which defines the plane projective curve Γ. Note that
(2) p0(x, y, 0) =
1
n!
(xKX + yL)
n
in view of (1). This will be used over and over. Another fact of frequent use will be the
following.
Remark 1.1. Let (X,L) be a polarized manifold of dimension n ≥ 3 and suppose that
σKX + τL is nef and not big for some positive integers σ, τ . Then there exists a morphism
ϕ : X → Y onto a normal variety Y with dimY < n such that σKX + τL = ϕ
∗D for a nef
line bundle D on Y . Actually, we can write σKX + τL = KX +M where M is an ample line
bundle. This is obvious for σ = 1, while for σ ≥ 2 we have
M = (σ − 1)KX + τL =
σ − 1
σ
(
σKX + τL
)
+
τ
σ
L.
Thus M is ample being the sum of a nef and an ample Q-line bundles. Then by the
Kawamata–Shokurov base-point free theorem the linear system |m (σKX + τL)) | is effec-
tive and base-point free for m >> 0. Hence it defines a morphism Φ : X → PN , where the
image has dimension < n, since σKX + τL is not big. The morphism ϕ : X → Y is defined
by the Stein-factorization of Φ.
Finally let us discuss here the case n = 2 as an example. So, let (X,L) be a polarized
surface; then its Hilbert curve is simply the conic Γ := Γ(X,L) ⊂ A
2
C, defined in coordinates
(u, v) by
(3) p
(
1
2
+ u, v
)
=
1
2
(
K2Xu
2 + 2KX · Luv + L
2v2 + 2χ(OX)−
1
4
K2X
)
= 0 .
By the Hodge index theorem we know that K2XL
2−(KX ·L)
2 ≤ 0, with equality if and only if
KX ≡ λL (degenerate case). So Γ is of parabolic type if and only if we are in the degenerate
case. Now look at Γ from the real point of view. The above expression is the quadratic
orthogonal invariant of the conic ΓR, hence ΓR is either a hyperbola or a couple of incident
lines, except for the degenerate case, in which ΓR is necessarily reducible: either a line with
multiplicity 2, a couple of parallel lines, or ΓR = ∅ (according to whether K
2
X − 8χ(OX) is
= 0, > 0 or < 0 respectively). For instance, the last situation occurs for the cubic surface in
P3.
More generally, consider a del Pezzo surface X , set −KX = ιXH , d = H
2, and let L = rH
for any positive integer r. The classification of del Pezzo surfaces implies the following facts
for the HC, Γ, of the pair (X,L). If d ≤ 7, then ΓR = ∅. Actually, in this case, ιX = 1 and
p
(
1
2
+ u, v
)
= d
2
(u − rv)2 +
(
1 − d
8
)
. Let d = 8; then either: a) X = P1 × P1, ιX = 2, and
then L = OP1×P1(r, r), or b) X = F1 (the Segre–Hirzebruch surface of invariant 1), ιX = 1,
and L = r[2C0 + 3f ] (C0 and f being the (−1)-section ad a fiber respectively). Here
p
(
1
2
+ u, v
)
=
{
(2u− rv)2 in case a)
4(u− rv)2 in case b) ,
hence in both cases ΓR is a line with multiplicity 2. Finally, let d = 9, then X = P
2, ιX = 3
and L = OP2(r). In this case, p
(
1
2
+ u, v
)
= 1
2
(
(3u − rv)2 − 1
4
)
hence ΓR consists of two
parallel lines.
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2. The case rk〈KX , L〉 = 1: High index Fano manifolds
Let X be a Fano manifold of dimension n ≥ 2 of index ιX . Then there exists an ample line
bundle H (a fundamental divisor) on X such that −KX = ιXH . From now on our setting
for Fano polarized manifolds (X,L) will be the following:
(4) X is Fano with n ≥ 2 and L := rH, where H :=
1
ιX
(−KX) is the fundamental divisor.
Let (X,L) be as in (4). Then rKX+ιXL = OX , which implies rk〈KX , L〉 = 1. Let p(x, y) = 0
be the canonical equation of the Hilbert curve Γ(X,L). Recalling that p(x, y) = χ(xKX + yL),
we get
p(x, y) = χ((ry − ιXx)H) = χ(tH) =: q(t),
where t := ry− ιXx. Moreover, note that q(t) = χ(KX +(t+ ιX)H) = h
0(tH) for t ≥ 1− ιX ,
by the Kodaira vanishing theorem. Thus, if −1 ≥ t ≥ 1− ιX then q(t) = 0. This shows that
q(t) = ϕ(t) ·
ιX−1∏
i=1
(t + i) with deg ϕ(t) = cX , the coindex of X.
Set ϕ(t) :=
∑cX
j=0 ajt
j and observe that we need cX +1 linearly independent linear conditions
on q(t) to determine the polynomial ϕ(t). So, for s = 0, 1, ..., cX we see that ϕ(s) ·
∏ιX−1
i=1 (s+
i) = q(s) = h0(sH), i. e.,
acXs
cX + acX−1s
cX−1 + · · ·+ a1s+ a0 = ϕ(s) =
h0(sH)∏ιX−1
i=1 (s+ i)
.
This gives the following system of cX+1 linear equations in the cX+1 unknowns a0, a1, ..., acX
(5) U ·

a0
a1
...
acX
 =

h0(OX)
δ(0)
h0(H)
δ(1)
...
h0(cXH)
δ(cX)
 ,
where U is the (cX + 1)× (cX + 1) Vandermonde matrix
(6) U :=

1 0 · · · 0 0
1 1 · · · 1 1
1 2 · · · 2cX−1 2cX
...
...
...
...
1 cX · · · (cX)
cX−1 (cX)cX
 ,
and
δ(u) :=
∏ιX−1
i=1 (u+ i) for any u ∈ Z≥0 if ιX ≥ 2, δ(u) := 1 for any u ∈ Z≥0 if ιX = 1.
The above discussion can be summarized as follows.
Proposition 2.1. Let (X,L) be as in (4). Then
(7) p(x, y) =
(
cX∑
i=0
ai(ry − ιXx)
i
)
·
ιX−1∏
i=1
(ry − ιXx+ i) ,
where (a0, a1, . . . , acX) is the solution of (5).
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Observe that the Hilbert curve Γ(X,L) of a pair (X,L) as in (4) is always totally reducible
over C, i. e., p(x, y) is the product of n polynomials of degree one in C[x, y], because p(x, y) =
(
∑cX
i=0 aiz
i) ·
∏ιX−1
i=1 (z + i), where z = ry − ιXx.
It would be interesting to know for which pairs (X,L) as in (4), Γ(X,L) is totally reducible
over R (or Q). Relying on Proposition 2.1 and running the Magma Program [5] (see the
Appendix), with the same notation as in the database at
http://www.grdb.co.uk/forms/toricsmooth?dimension_cmp=eq&dimension=3 ,
we provide a partial answer to this question. In fact, we characterize smooth Fano toric
manifold of dimension n ≤ 4 whose p(x, y) is totally reducible over Q.
Proposition 2.2. Let (X,L) be as in (4) with n ≤ 4 and assume that X is toric. Then
p = p(X,L)(x, y) is totally reducible over Q if and only if one of the cases in the two tables
below occurs, where z := ry − ιXx and the Nos. and Q are as in the above database.
No. n ιX p (−KX)
n
X = X(Q) Vol(Q) X
3 2 1 4(z + 12 )
2 8
Vertices: (1, 0), (0, 1),
(−1, 1), (0,−1)
Dual: (0,−1), (−1,−1),
(−1, 1), (2, 1)
4 F1
4 2 2 − 12 (z − 2) (z + 1) 8
Vertices: (1, 0), (0, 1),
(−1, 0), (0,−1)
Dual: (1,−1), (−1,−1),
(−1, 1), (1, 1)
4 P1 × P1
5 2 3 12 (z + 1)(z + 2) 9
Vertices: (1, 0), (0, 1),
(−1,−1)
Dual: (2,−1), (−1,−1),
(−1, 2)
3 P2
6 3 1 253 (z +
1
2 )(z +
2
5 )(z +
3
5 ) 50
Vertices: (1, 0, 0), (0, 1, 0),
(0, 0, 1), (−1,−1, 2),
(0, 1,−1), (0, 0,−1)
Dual: (0,−1,−1), (−1, 0,−1),
(−1,−1,−1), (2,−1, 0),
(−1,−1, 0), (−1, 0, 1),
(−1, 4, 1), (3, 0, 1)
8
the blow-up of
P(OP2 ⊕ OP2(1))
along a line
12 3 1 253 (z +
1
2 )(z +
2
5 )(z +
3
5 ) 50
Vertices: (1, 0, 0), (0, 1, 0),
(0, 0, 1), (−1, 0, 1),
(0, 1,−1), (0,−1, 0)
Dual: (0,−1,−1), (−1,−1,−1),
(−1,−1, 0), (1,−1, 0),
(−1, 1, 2), (−1, 1,−1),
(0, 1,−1), (3, 1, 2)
8 P(OF1 ⊕ OF1(f))
17 3 1 8(z + 12 )
3 48
Vertices: (1, 0, 0), (0, 1, 0),
(0, 0, 1), (−1, 0, 1),
(0,−1, 0), (0, 0,−1)
Dual: (0,−1,−1), (−1,−1,−1),
(−1, 1,−1), (0, 1,−1),
(−1,−1, 1), (−1, 1, 1),
(2,−1, 1), (2, 1, 1)
8 F1 × P1
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19 3 1 9(z + 12 )(z +
1
3 )(z +
2
3 ) 54
Vertices: (1, 0, 0), (0, 1, 0),
(0, 0, 1), (−1, 0, 1),
(0,−1,−1)
Dual: (0,−1,−1), (−1,−1,−1),
(−1, 2,−1), (−1,−1, 2),
(0, 2,−1), (3,−1, 2)
6 P(O⊕2
P1
⊕ OP1(1))
22 3 1 9(z + 12 )(z +
1
3 )(z +
2
3 ) 54
Vertices: (1, 0, 0), (0, 1, 0),
(0, 0, 1), (−1, 0, 0),
(0,−1,−1)
Dual: (1,−1,−1), (−1,−1,−1),
(1, 2,−1), (−1, 2,−1),
(−1,−1, 2), (1,−1, 2)
6 P2 × P1
23 3 4 16 (z + 1)(z + 2)(z + 3) 64
Vertices: (1, 0, 0), (0, 1, 0),
(0, 0, 1), (−1,−1,−1)
Dual: (3,−1,−1), (−1, 3,−1),
(−1,−1, 3), (−1,−1,−1)
4 P3
Table 1: Toric Fano for n = 2, 3 with p totally reducible over Q.
Nos. = 37, 43, 59, 68, 97, 105, 106, 112, 114, 115, 130, 133, 135, 136, 138, 143, 147.
Table 2: Toric Fano for n = 4 with p totally reducible over Q.
Remark 2.3. Results in line with Proposition 2.2 can be obtained by using the same Magma
Program also for n = 5, 6, but the lists became very long.
Lemma 2.4. Let (X,L) be a polarized manifold of dimension n ≥ 2 and let r,m be two
positive integers with gcd(r,m) = 1. If rk〈KX , L〉 = 1 and p0(r,m, 0) = 0, then X is Fano
of index ιX = km and L = krH for some positive integer k, where H is the fundamental
divisor.
Proof. Since rk〈KX , L〉 = 1, we have KX + aL = OX for some a ∈ Q. Moreover, (2) gives
0 = n! p0(r,m, 0) = (rKX +mL)
n = (m− ra)nLn,
hence a = m
r
> 0. Therefore X is a Fano manifold such that rKX+mL = OX . Let ιX be the
index of X so that −KX = ιXH for some ample H ∈ Pic(X). Note that Pic(X) is torsion
free. Moreover, we have mL = r(−KX) = rιXH = A for some ample line bundle A on X .
Writem = σm′ and rιX = σs′ for some positive integersm′, s′, where σ := gcd(m, rιX). Then
A is divisible by m and rιX in Pic(X) and this implies that A = m
′s′σM for some ample line
bundle M on X , because gcd(m′, r) = gcd(m, s′) = 1. Thus we get L = s′M,H = m′M and
then −KX = ιXm
′M . Since ιX is the index of X , we conclude that m′ = 1. Hence M = H ,
L = s′H , m = σ = gcd(m, rιX). As gcd(m, r) = 1, we deduce that m divides ιX , that is,
ιX = km for some positive integer k. So we get
OX = rKX +mL = r(−ιXH) +ms
′H = r(−kmH) +ms′H = m(s′ − kr)H,
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i. e., s′ = kr, hence L = krH . 
For Fano manifolds of sufficiently large index we immediately get the following character-
ization.
Corollary 2.5. Let (X,L) be as in Lemma 2.4 and suppose that m > n+1
2
. Then X is a
Fano manifold of index ιX = m and L := r
(−KX
m
)
if and only if rk〈KX , L〉 = 1 and
p(X,L)(x, y) :=
(
acX (ry −mx)
cX + · · ·+ a1(ry −mx) +
1
(m− 1)!
)
·
m−1∏
i=1
(ry −mx+ i) ;
moreover, in this situation, the coefficients ai’s are given by (5).
Proof. The “only if” part follows easily from Proposition 2.1. To prove the converse, by
applying Lemma 2.4 we know thatX is Fano of index ιX = km and L = krH for some positive
integer k. Combining the assumption with the upper bound for ιX we get k
n+1
2
< km ≤ n+1.
Thus k = 1, which implies the assertion. 
Remark 2.6. Given a Fano manifold X of dimension n and index ιX ≥ n − 2, it is known
that there exists a smooth element Y ∈ |H|. This is obvious for ιX = n+ 1 and n; it follows
from Fujita’s theory of del Pezzo manifolds [7, §8] for ιX = n−1 and from [12] for ιX = n−2.
Note that −KY = (ιX − 1)HY by adjunction. In particular, if n ≥ 3 and (X,H) is a del
Pezzo manifold, then (Y,HY ) is also a del Pezzo manifold, and similarly, if n ≥ 4 and (X,H)
is a Mukai manifold, then (Y,HY ) is a Mukai manifold too. A consequence of this fact is
that for ιX ≥ n − 2 we can always apply an inductive argument up to the surface case to
compute h0(tH) for t = 1, . . . , cX ≤ 3.
In particular, we get the following explicit characterization of Fano manifolds of index
ιX ≥ dimX − 1 in terms of their HC. For the case ιX = dimX − 2, see Proposition 2.10.
Theorem 2.7. Let (X,L) be a polarized manifold of dimension n ≥ 2 and let r be a positive
integer.
(i) Suppose gcd(r, n + 1) = 1. Then (X,L) =
(
Pn,OPn(r)
)
if and only if rk〈KX , L〉 = 1
and
p(X,L)(x, y) =
1
n!
n∏
i=1
(ry − (n+ 1)x+ i) .
(ii) Suppose gcd(r, n) = 1. Then (X,L) =
(
Qn,OQn(r)
)
if and only if rk〈KX , L〉 = 1 and
p(X,L)(x, y) =
(
2
n!
(ry − nx) +
1
(n− 1)!
) n−1∏
i=1
(ry − nx+ i).
(iii) Suppose gcd(r, n − 1) = 1. Then X is a Fano manifold of index ιX = n − 1 and
L := r
n−1 (−KX) if and only if rk〈KX , L〉 = 1 and
p(X,L)(x, y) =
(
d
n!
(ry − (n− 1)x)2 +
(n− 1)d
n!
(ry − (n− 1)x) +
1
(n− 2)!
) n−2∏
i=1
(ry − (n− 1)x+ i),
where d =
(
1
n−1 (−KX)
)n
, and d 6= 8 if n = 3, d 6= 9 if n = 2.
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Notice that condition ιX = n−1 implies that (X,
1
ιX
(−KX)) is a del Pezzo manifold (while the
converse is not true). In particular, d ≤ 7 if n = 3 and d ≤ 8 if n = 2. For the classification
of del Pezzo manifolds see [7, (8.11)]. For more details we refer to the comments before Table
3.
Proof. The “only if” part follows from Proposition 2.1. We have to determine the coefficients
in (5). The computation of a0 in case (i) and of (a0, a1) in case (ii) is immediate. In case (iii)
we have to compute (a0, a1, a2). The matrix U in (5) is
U =
 1 0 01 1 1
1 2 4
 .
To determine the column on the right hand of (5) set H = 1
n−1(−KX); then (X,H) is a
del Pezzo manifold, hence for any smooth element Y ∈ |H| the pair (Y,HY ) is a del Pezzo
manifold too, by Remark 2.6. Then, with the help of the exact sequences
0→ OX → H → HY → 0 and 0→ H → 2H → 2HY → 0,
we get, by induction,
h0(H) = n− 1 + d and h0(2H) =
(
n
2
)
+ (n+ 1)d ,
where d = Hn. Thus the column on the right hand of (5) is the transpose of the vector( 1
(n− 2)!
,
n− 1 + d
(n− 1)!
,
n(n− 1) + 2(n+ 1)d
n!
)
,
and therefore, solving (5) we get
(a0, a1, a2) =
( 1
(n− 2)!
,
(n− 1)d
n!
,
d
n!
)
.
The “if part” follows from Corollary 2.5 in cases (i) and (ii), letting m = n+1 and m = n
respectively. In case (iii) letting m = n− 1, Corollary 2.5 applies again when n ≥ 4. So, let
n = 3, recalling Lemma 2.4 we see that 4 = n+1 ≥ ιX = k(n−1). Hence k ≤ 2. If k = 1 we
are done; on the other hand if k = 2, then ιX = 4, hence X = P
3 by the Kobayashi–Ochiai
theorem, but in this case d =
(−KX
2
)3
= 8, a contradiction. A similar discussion can be done
for n = 2: see also the example at the end of Section 1. 
Let us comment here on the “geography” of Γ = Γ(X,L) in cases (i)–(iii) of Theorem 2.7.
For simplicity, we will use coordinates (u, v), given by u := x− 1
2
and v := y, instead of (x, y).
In case (i), Γ = ℓ1 + · · ·+ ℓn consists of n parallel evenly spaced lines
ℓi : rv − (n+ 1)u+
(
i−
n+ 1
2
)
= 0
with slope n+1
r
, for i = 1, ..., n. This holds also for ΓR and ΓQ.
In case (ii), Γ = ℓ0 + ℓ1 + · · ·+ ℓn−1 consists of n parallel lines with slope nr . The lines ℓi
for i = 1, . . . n− 1 have equations
ℓi : rv − nu+
(
i−
n
2
)
= 0 ,
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hence they are evenly spaced. On the other hand, ℓ0 has equation rv−nu = 0. Clearly it may
happen that ℓ0 overlaps one of the ℓi’s. This happens if and only if n = 2m and i = m. So,
for n = 2m− 1 odd, there is no overlapping and ℓ0 is the bisecant of the strip between ℓm−1
and ℓm. On the contrary, for n = 2m, Γ is non-reduced, having the line ℓm as component of
multiplicity 2. This discussion applies also to ΓR and ΓQ.
Now, consider case (iii) and let ℓ1, . . . ℓn−2 be the lines
ℓi : rv − (n− 1)u+
(
i−
n− 1
2
)
= 0
defined by the linear factors in the expression of p. All of them are parallel each other with
slope n−1
r
and evenly spaced. Let G be the conic defined by the residual polynomial. Then
Γ = ℓ1 + · · ·+ ℓn−2 +G
and, up to the multiplicative factor d
n!
, the equation of G is
[u v 1]
 (n− 1)2 −r(n− 1) 0−r(n− 1) r2 0
0 0 −h
uv
1
 = 0,
where
h :=
(n− 1)
4d
[
(n− 1)d− 4n
]
.
From the complex point of view, the conic G consists of two distinct or coinciding lines λ
and λ′, parallel to the ℓi’s and, possibly, partially coinciding with some of them. Note that
ℓi ⊂ A
2
Q for any i = 1, . . . , n − 2, hence the latter possibility requires that the term h is
the square of a rational number. Before to see this, let us look at G from the real point of
view (denoted by GR). Here we assume n ≥ 3, since the case of surfaces has already been
discussed in the example at the end of Section 1. We have h = k2 with k ∈ R if and only if
d ≥
4n
n− 1
.
In particular, this implies d ≥ 5 and d ≥ 6 if n = 3 or 4. Look at the del Pezzo manifold
(X,H). Recalling Fujita’s classification [7, (8.11)], consider that d ≤ 4 if n ≥ 7. Therefore,
for n ≥ 7 we get h < 0, that is, GR = ∅ (and then GQ = ∅ a fortiori). In this case ΓR as
well as ΓQ, simply consist of n− 2 evenly spaced parallel lines. Consider also that d ≤ 8 for
n = 3, d ≤ 6 for n = 4, and d ≤ 5 if either n = 5, or n = 6. However, case d = 8 in which
(X,H) = (P3,OP3(2)) was excluded from (iii); in fact, it fits into (i).
Thus, a case-by-case analysis leads to the following further conclusions concerning GR,
when not empty.
For n = 3, we have the following two possibilities:
a) GR = λ+λ
′ is the union of two distinct lines, both distinct from ℓ1, and this happens
for d = 7, in which case X = P(OP2(2)⊕OP2(1)) and H is the tautological line bundle;
b) GR = 2λ is a double line if d = 6; in this case λ = ℓ1, hence ΓR = 3ℓ1 is a triple
line; here, either (X,H) = (P1 × P1 × P1,O(1, 1, 1)), or X = P(TP2) and H is the
tautological line bundle.
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If n = 4, then GR = λ + λ
′ is the union of two distinct lines, λ = ℓ1, λ′ = ℓ2, so that
ΓR = 2(ℓ1 + ℓ2). This happens for d = 6 and it corresponds to (X,H) = (P
2 × P2,O(1, 1)).
If n = 5, then GR = 2λ with λ = ℓ2, so that ΓR = ℓ1 + 3ℓ2 + ℓ3. In this case, d = 5, and
the corresponding (X,H) is the hyperplane section of the Grassmannian G(1, 4) embedded
in P9 via the Plu¨cker embedding.
Finally, if n = 6 then GR = λ + λ
′ is the union of two distinct lines, where λ = ℓ2 and
λ′ = ℓ3. So ΓR = ℓ1+2(ℓ2+ ℓ3) + ℓ4. In this case, we have d = 5 and X is the Grassmannian
G(1, 4) embedded by H in P9 via the Plu¨cker embedding.
As to the situation for GQ (when GR 6= ∅), we note the following fact. First of all, we
get h = 0 when (n, d) = (3, 6), (5, 5). Moreover, h = k2 for some k ∈ Q when: (n, d) =
(3, 8), (4, 6) and (6, 5) (in which cases h = (1/2)2). On the other hand, h = k2 with k 6∈ Q if
and only if (n, d) = (3, 7) (here h = 1/7). Therefore, the description of ΓQ is the same as that
given for ΓR, up to regarding λ, λ
′ and the ℓi’s as lines in A2Q, except when (n, d) = (3, 7), in
which case GQ = ∅, so that ΓQ = ℓ1, the line of equation 2u− rv = 0.
The following table summarizes the above discussion about the Hilbert curves in cases
(i)–(iii) of Theorem 2.7.
n (X,L) Γ := Γ(X,L) in (u, v) coordinates
≥ 2
(Pn,OPn(r)),
for r ≥ 1 and gcd(r, n+ 1) = 1
Γ = ℓ1 + · · ·+ ℓn
where ℓi : v =
(n+1)
r
u+ 1
r
(
n+1
2 − i
)
,
for i = 1, ..., n
2m− 1 ≥ 3
(Q2m−1,OQ2m−1 (r)),
for r ≥ 1 and gcd(r, 2m− 1) = 1
Γ = ℓ0 + ℓ1 + · · ·+ ℓ2m−2
where ℓ0 : v =
2m−1
r
u and
ℓi : v =
2m−1
r
u+ 1
r
(
2m−1−2i
2
)
for i = 1, ..., 2m− 2
2m ≥ 2
(Q2m,OQ2m(r)),
for r ≥ 1 and gcd(r, 2m) = 1
Γ = ℓ0 + ℓ1 + · · ·+ ℓ2m−2
where ℓ0 : v =
2m
r
u and
ℓi : v =
2m
r
u+ 1
r
(m− i)
for i = 1, ..., 2m− 1
≥ 3
X Fano
of index n− 1 and
L = rH
(
= r
n−1 (−KX)
)
,
for r ≥ 1 and gcd(r, n− 1) = 1
Γ = ℓ1 + · · ·+ ℓn−2 +G
where ℓi : v =
n−1
r
u+ 1
r
(
n−1
2 − i
)
for i = 1, ..., 2m− 1 and
G : [(n− 1)u− rv]2 − h = 0
h = n−14d [(n− 1)d− 4n] , d = H
n
Further information on GR and GQ:
≥ 7 GR = GQ = ∅; h < 0, d ≤ 4
6 X = G(1, 4) ⊂ P9 GR = GQ = ℓ2 + ℓ3; h =
(
1
2
)2
, d = 5
5 X = G(1, 4) ∩ P8 GR = GQ = 2ℓ2; h = 0, d = 5
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4 X = P2 × P2 GR = GQ = ℓ1 + ℓ2; h =
(
1
2
)2
, d = 6
3 X = P(OP2(2)⊕ OP2(1))
GR = λ+ λ
′, λ 6= λ′ and both 6= ℓ1
GQ = ∅; h =
1
7 , d = 7
3 X = P1 × P1 × P1, or P(TP2) GR = GQ = 2ℓ1; h = 0, d = 6
Table 3: HC of pairs (X,L) as in (4), with ιX ≥ n− 1.
Remark 2.8. Consider the following polarized threefolds: (X,L) =
(
P3,OP3(2)
)
, (X ′, L′) =(
Q3,OQ3(1)
)
, and the del Pezzo threefold (X ′′, L′′) of degree 7. According to Theorem 2.7,
their Hilbert curves, Γ,Γ′,Γ′′ respectively, have the following canonical equations in terms of
coordinates u = x− 1
2
, v = y :
p(
1
2
+ u, v) =
1
6
(v − 2u+
1
2
)(v − 2u)(v − 2u−
1
2
) = 0,
p′(
1
2
+ u, v) =
1
3
(v − 3u)(v − 3u−
1
2
)(v − 3u+
1
2
) = 0,
p′′(
1
2
+ u, v) =
7
6
(v − 2u)
(
(v − 2u)2 −
1
7
)
= 0.
Look at them from the real point of view: ΓR consists of three parallel lines (symmetric with
respect to the origin), with slope 2, evenly spaced, with step 1
2
on the v-axis. The same is
true for Γ′R except for the slope, which is 3, and also for Γ
′′
R, in which case the slope is 2
again, but here the step on the v-axis is 1√
7
, an irrational number. Clearly, the three curves
are equivalent each other from the real affine point of view. Moreover Γ and Γ′′ are similar
from the Euclidian point of view. However, they are different in terms of their “geography”
(either different slopes, or different steps on the v-axis). Moreover, the difference between
Γ and Γ′′ becomes even more evident if we consider their arithmetic, looking at ΓQ and Γ′′Q:
the former consists of three lines, while the latter consist of the single line v − 2u = 0, since
the factor (2u− v)2 − 1
7
is irreducible over Q.
The facts pointed out in Remark 2.8 should be taken into account in formulating a con-
jecture characterizing, e. g., the projective space, similar but a posteriori much easier than
[9, Conjecture C(n, r)], as follows. Let (X,L) be a polarized manifold of dimension n ≥ 2
with rk〈KX , L〉 = 1, and let r be a positive integer such that gcd(r, n + 1) = 1. Then
(X,L) = (Pn,OPn(r)
)
if and only if the Hilbert curve Γ of (X,L) consists of n distinct lines
(symmetric with respect to the origin), parallel each other with slope n+1
r
and evenly spaced.
This conjecture is true in view of Proposition 2.7 (i). Moreover, a consequence of the next
result is that this conjecture is still true provided that rKX + (n + 1)L is nef regardless of
the assumption rk〈KX , L〉 = 1. This change of perspective will be the starting point for the
next section and it will allow us to prove Conjecture C(n, r) in [9] (cf. Theorem 3.6) under
an extra assumption.
Theorem 2.9. Let (X,L) be a smooth polarized manifold of dimension n ≥ 2 and let r be
a positive integer such that gcd(r, n + 1) = 1. Then (X,L) = (Pn,OPn(r)) if and only if
rKX + (n+ 1)L is nef and p(X,L)(x, y) =
1
n!
∏n
i=1(ry − (n + 1)x+ i).
HILBERT CURVE CHARACTERIZATIONS OF SOME RELEVANT POLARIZED MANIFOLDS 13
Proof. In view of Theorem 2.7 (i) we only need to prove the “if part” under the assumption
that
(8) rk〈KX , L〉 = 2.
First let n = 2. By comparing the expression of p(X,L)(x, y) in the statement with that
holding for any polarized surface (X,L) (cf. (3)), we see that K2X = 9, KX · L = −3r and
χ(OX) = 1. The last two conditions imply that X is a rational surface and then the first
condition says that X = P2, which contradicts (8). Let n ≥ 3. The expression of p(X,L)(x, y)
shows that the point (r : n+ 1 : 0) belongs to the projective closure of the HC, Γ(X,L) ⊂ P
2,
hence
0 = n! p0(r, n+ 1, 0) = (rKX + (n + 1)L)
n
by (2). Therefore rKX+(n+1)L is nef but not big. By Remark 1.1 we know that there exists
a morphism ϕ : X → Y with dim Y < dimX such that rKX + (n+ 1)L = ϕ
∗D for some nef
line bundle D on Y . Then rKF + (n+ 1)LF = OF by adjunction, where F is a general fiber
of ϕ. Thus −KF =
n+1
r
LF and since LF is ample we conclude that F is a Fano manifold.
Moreover, the assumption gcd(r, n+1) = 1 implies that−KF ·γ = (n+1)
LF ·γ
r
≥ n+1 for every
rational curve γ ⊂ F . Then the index iF of F satisfies dimX + 1 ≥ dimF + 1 ≥ iF ≥ n+ 1,
i. e., dimF = dimX . So Y is a point and X = F = Pn, which contradicts (8) again. 
In line with Theorem 2.7, we can also obtain a characterization of pairs (X,L) as in (4)
with ιX = n − 2 and rk〈KX , L〉 = 1 in terms of their HC, provided that n ≥ 6. Actually,
under this assumption, we can rely on Corollary 2.5 again and we just need to determine the
coefficients ai’s for i = 0, . . . , 3. We can do that by the same procedure as in Theorem 2.7,
relying on Remark 2.6. The final output is the following result.
Proposition 2.10. Let (X,L) be a polarized manifold of dimension n ≥ 6 and let r be a
positive integer such that gcd(r, n− 2) = 1. Assume that rk〈KX , L〉 = 1. Then (X,L) is as
in (4) with ιX = n− 2 if and only if p(X,L)(x, y) is as in Corollary 2.5 with
a0 =
1
(n− 3)!
, a1 =
1
n!
[(
d
2
+ 1
)
n2 − (2d+ 1)n+ 2d
]
, a2 =
3d
2 n!
(n− 2), a3 =
d
n!
,
where d :=
(−KX
n−2
)n
.
In fact, this 4-tuple (a0, a1, a2, a3) is the solution of (5), because the column on the right
hand of (5) is the transpose of the vector(
1
(n−3)! ,
1
(n−2)!
[
n− 1 + d
2
]
, 2
(n−1)!
[(
n
2
)
+ (n+ 2)d
2
]
, 6
n!
[(
n+1
3
)
+
(
(n+1)(n+4)
2
)
d
2
] )
.
We finally note that, in principle, Algorithm 1 in the Appendix allows one to compute
p(X,L)(x, y) for any pair as in (4), provided that h
0(tH) is known for every t = 1, . . . , cX .
3. Case rk〈KX , L〉 = 2: Fano fibrations over curves
Here and in the next section we are concerned with Fano fibrations of coindex ≤ 1. We
implicitly assume that rk〈KX , L〉 = 2.
First of all, we describe a method for obtaining the canonical equation of the HC of a
Fano fibration over a smooth curve. Let (X,L) be a Fano fibration over a smooth irreducible
curve C via a morphism ϕ : X → C, let F be a general fiber of ϕ, and suppose that
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rKX + ιFL = ϕ
∗A for some non-trivial line bundle A on C. Thus rKX + ιFL ≡ tF , where
t = degA 6= 0. Consider the following exact sequences defined by the restriction to F :
0→ xKX + yL− F → xKX + yL→ xKF + yLF → 0 ,
0→ xKX + yL− 2F → xKX + yL− F → xKF + yLF → 0 ,
· · ·
0→ xKX + yL− |t|F → xKX + yL− (|t| − 1)F → xKF + yLF → 0 .
Let sgn(t) be the sign of t, so that |t| = sgn(t)t. Then, due to the additivity of the Euler–
Poincare´ characteristic χ for exact sequences, by recursion we get
p(X,L)(x, y) = p(X,L)(x− sgn(t)r, y − sgn(t)ιF ) + sgn(t)t · p(F,LF )(x, y) .
Since F is Fano with rKF + ιFLF = OF , we know that
p(F,LF )(x, y) = RF (x, y) ·
ιF−1∏
j=1
(
ry − ιFx+ j
)
,
where RF (x, y) is the first factor of (7) in Proposition 2.1. Thus, we finally obtain that
(9) R(x, y) = R(x− sgn(t)r, y − sgn(t)ιF ) + sgn(t)t · RF (x, y),
where p(X,L)(x, y) = R(x, y) ·
∏ιF−1
j=1
(
ry − ιFx+ j
)
. So, (9) with further suitable conditions
allows us to determine R(x, y), once we know RF (x, y) (cf. Algorithm 2 in the Appendix).
The following example shows how this method works for Fano fibrations of coindex 0 over
a smooth curve (see also [9, Proposition 2.1]).
Example 3.1. Let X = P(E ) for some vector bundle E of rank n over a smooth curve C of
genus g ≥ 0. Let ξ be the tautological line bundle on X and consider an ample line bundle L
numerically equivalent to rξ + bF for some integers b, and r > 0, where F ∼= Pn−1 is a fiber
of the bundle projection ϕ : X → C. Since in this case ιF = n, we have
p(X,L)(x, y) = R(x, y) ·
n−1∏
j=1
(
ry − nx+ j
)
with R(x, y) = αx + βy + γ for some α, β, γ ∈ Q. Here rKX + nL ≡ tF , where t :=
(2g − 2 + e)r + nb 6= 0 with e := deg E . It thus follows from (9) that
sgn(t)(αr + βn) = R(x, y)− R(x− sgn(t)r, y − sgn(t)n) = sgn(t)t · RF (x, y) =
sgn(t)t
(n− 1)!
,
by Theorem 2.7 (i). Moreover, since q := h1(OX) = g,
1− g = χ(OX) = p(X,L)(0, 0) = R(0, 0) · (n− 1)! = γ(n− 1)! .
Furthermore, up to numerical equivalence, we have
ξ =
1
r
L−
b
rt
tF = −
b
t
KX +
1
r
(
t− nb
t
)
L = −
b
t
KX +
(
2g − 2 + e
t
)
L .
Hence, by the Riemann–Roch theorem for vector bundles over a curve, we conclude that
e + n(1− g) = χ(E ) = χ(ξ) = p(X,L)
(
−
b
t
,
2g − 2 + e
t
)
= R
(
−
b
t
,
2g − 2 + e
t
)
· n! .
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This gives αr+ βn = t
(n−1)! , γ =
1−g
(n−1)! and α
(
− b
t
)
+ β
(
2g−2+e
t
)
= e
n!
. Let d be the degree of
(X,L). Since d = Ln = rn−1(nb+ er), solving the system of the first and the third equations
above, we get
α =
2(g − 1)
(n− 1)!
and β =
1
n!
(
d
rn−1
)
.
Therefore,
(10) p(X,L)(x, y) =
1
n!
[
2n(g − 1)x+
d
rn−1
y + n(1− g)
]
·
n−1∏
j=1
(
ry − nx+ j
)
.
Finally, note that rKX + nL is nef if and only if r(2g − 2 + e) + nb ≥ 0, equality occurring
when rk〈KX , L〉 = 1, in which case X is a Fano manifold, hence g = q = 0.
A different approach consists in reducing the computation of p(X,L)(x, y) to the case r = 1.
It relies on the following technical result.
Lemma 3.2. Let ψ : X → Y be a morphism between irreducible projective varieties with
dimX > dimY . Assume that there are positive, coprime integers σ, τ , and an ample line
bundle L on X such that σKX+τL = ψ
∗D for a line bundle D on Y . Let p, q be two positive
integers such that σp − τq = 1 and let A be a line bundle on Y such that σA + qD and
τA+ pD are both nef. Then the following properties hold:
(a) L := qKX + pL+ ψ
∗A is an ample line bundle on X;
(b) KX + τL = ψ
∗(τA + pD) and τ is the nefvalue of (X,L );
(c) any general fiber F of ψ is a Fano variety and LF = σLF .
In particular, assume that τA + pD is ample. If ψ : X → Y is a surjective morphism with
connected fibers, X is a manifold and Y is a normal variety, then (X,L ) is a Fano fibration
of coindex dimX − dimY + 1 − τ. Moreover, if D is nef then we can take A = OX and in
this case p(X,L) and p(X,L ) are related as follows:
(j) p(X,L)(x, y) = p(X,L )
(
x+
(
1− pσ
τ
)
y
p
,
y
p
)
,
(jj) p(X,L )(x, y) = p(X,L)
(
x−
(
1− pσ
τ
)
y , py
)
.
Proof. Going over the proof of [2, Lemma 1.5.6], note that
σL = σqKX + (1 + τq)L+ ψ
∗(σA) = L+ ψ∗(σA + qD) ,
KX + τL = KX + τqKX + τpL+ ψ
∗(τA) = σpKX + τpL+ ψ∗(τA) = ψ∗(τA + pD) .
This gives (a) and (b), keeping in mind that τA+ pD is nef on Y . To obtain (c), let F be a
general fiber of ψ. Then −KF = τLF and σKF + τLF = OF . Thus F is a Fano variety and
τLF = σ(−KF ) = σ(τLF ) = τσLF ,
hence LF = σLF . The final part of the statement follows easily from (a) and (b). 
Remark 3.3. An alternative way to obtain equation (10) is to use Lemma 3.2 once we know
the canonical equation of the HC of scrolls over C (cf. [9, Corollary 4.1]). Indeed, if X is a
P-bundle over C with LF = OPn−1(r) for any fiber F ∼= P
n−1 of the projection π : X → C,
then Lemma 3.2 with (σ, τ) = (r, n) gives an ample line bundle L on X such that (X,L ) is
a scroll over C via π. Set E := π∗L . Then X = P(E ) and L ≡ rξ + bF are as in Example
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3.1 with ξ := L . Recall that the degree of the scroll (X, ξ) is ξn = deg E =: e while that of
(X,L) is d := Ln = rn−1(re+ nb). We have
(11) p(X,ξ)(x
′, y′) =
1
n!
[2n(g − 1)x′ + ey′ + n(1− g)] ·
n−1∏
j=1
(
y′ − nx′ + j
)
.
Writing rKX + nL ≡ tF with t as in Example 3.1, since (t− nb)F ≡ (rKX + nrξ) we get
p(X,L)(x, y) = χ (xKX + yL) = χ (xKX + yξ) = p(X,ξ)(x, y) ,
where
(12) (x, y) =
(
x+
bry
t− nb
,
rt
t− nb
y
)
.
Replacing (x′, y′) with (x, y) expressed by (12), the polynomial in (11) gives (10).
Remark 3.4. From Theorem 2.7 (ii) and Example 3.1, we see that the two pairs (X1, L1) =
(Qn,OQn(nb)) and (X2, L2) = (P(O
⊕n−1
P1
⊕OP1(1)), nbξ+ bF ), where ξ is the tautological line
bundle of O⊕n−1
P1
⊕ OP1(1) and F ∼= P
n−1 is a fiber of X2 → P1, have the same HC for any
b ∈ Z≥1. This shows that in Conjecture C(n, r) in [9, Sec. 3], the hypothesis rk〈KX , L〉 = 2
is necessary. More generally, referring to Conjecture C(n, r) again, let (X,L) be a polarized
manifold of dimension n ≥ 2 for which p(X,L)(x, y) is as in (10). If rk〈KX , L〉 = 1 then
(X,L) = (Qn,OQn(r)). Actually, KX + aL = OX for some a ∈ Q. The expression of
p(X,L)(x, y) shows that p0(r, n, 0) = 0, hence (rKX +nL)
n = 0 by (2). Thus (n−ar)nLn = 0,
that is, a = n
r
and then rKX+nL = OX . Thus X is a Fano manifold, whence q = h
1(OX) = 0.
Let H be the fundamental divisor on X : so −KX = ιXH . By Lemma 2.4, we have ιX = kn
for some positive integer k. Moreover, k = 1 because 1 ≤ k = ιX
n
≤ n+1
n
. By [2, Theorem
3.1.6] we conclude that (X,H) = (Qn,OQn(1)), i. e., (X,L) = (Q
n,OQn(r)).
The following result extends facts which are well-known for r = 1 (see [6, (2.12)] and [2,
Proposition 3.2.1]) and (n, r) = (3, 2) (see [6, Theorem 3′]).
Proposition 3.5. Let (X,L) be a polarized manifold of dimension n ≥ 3 and let r be a
positive integer such that gcd(r, n) = 1. Then X admits a surjective morphism π : X → C
over a smooth curve C with connected fibers such that (F, LF ) = (P
n−1,OPn−1(r)) for any
general fiber F of π if and only if X = P(E ) for an ample vector bundle E of rank n on C
and L ≡ rξ + bF , where ξ is the tautological line bundle of E and b is a suitable integer.
Proof. The “if” part is obvious. To prove the converse, note that if (F, LF ) = (P
n−1,OPn−1(r))
for any general fiber F of π : X → C, then (rKX + nL)F = rKF + nLF = OF and this
gives rKX + nL = π
∗D for some line bundle D on C. Since gcd(r, n) = 1, we know from
Lemma 3.2 that there exists an ample line bundle L on X such that (X,L ) is a Fano
fibration of coindex dimX − dim Y + 1 − n = 0. Thus (X,L ) is a scroll over C via π with
(F,LF ) = (P
n−1,OPn−1(1)) for any fiber F of π. Therefore, from [6, (2.12)] (or [2, Proposition
3.2.1]) we deduce that X = P(E ), where E = π∗L is an ample vector bundle of rank n on
C; moreover, L = ξ and L ≡ rξ + bF , as in the statement. 
The following result improves [9, Proposition 4.1] and generalizes [9, Corollary 4.1].
Theorem 3.6. Let (X,L) be a polarized manifold of dimension n ≥ 2, let d = Ln, q =
h1(OX) and consider a positive integer r such that gcd(r, n) = 1. Suppose that either (i)
q > 0, or (ii) q = 0 and rk〈KX , L〉 = 2. Then X = P(E ) for a vector bundle E of rank
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n over a smooth curve C of genus q, and up to numerical equivalence, L = rξ + bF with
r(2q− 2+ e) + bn > 0, where e := deg E , ξ is the tautological line bundle of E and F ∼= Pn−1
is a fiber of P(E )→ C if and only if rKX + nL is nef and
p(X,L)(x, y) :=
1
n!
(
n(2q − 2)
(
x−
1
2
)
+
d
rn−1
y
)
·
n−1∏
i=1
(ry − nx+ i) .
Proof. The “only if” part follows from Example 3.1 (or [9, Proposition 2.1]). So, suppose
that p(X,L)(x, y) is as in the statement and that rKX + nL is nef. Since p0(r, n, 0) = 0, we
see from (2) that (rKX + nL)
n = 0. Thus, rKX + nL is nef but not big. Let ϕ : X → Y be
the morphism as in Remark 1.1 with dimY < dimX and rKX +nL = ϕ
∗D for some nef line
bundle D on Y . Since gcd(r, n) = 1, by applying Lemma 3.2 with ψ = ϕ and (σ, τ) = (r, n),
we know that there exists an ample line bundle L on X such that KX + nL is nef but not
big. Thus, by [2, Proposition 7.2.2] (X,L ) is either (Qn,OQn(1)) or a scroll over a smooth
curve C of genus q. The former case cannot occur due to our assumptions, while in the
latter X = P(E ) for a vector bundle E of rank n on C and L ≡ ξ + b′F for some integer
b′, where ξ is the tautological line bundle of E and F ∼= Pn−1 is any fiber of P(E ) → C.
Write L ≡ aξ + bF for some integers a, b, and recall from Lemma 3.2 that LF = rLF . Thus
a = r, that is, L ≡ rξ + bF . Hence rKX + nL ≡ (r(2q − 2 + e) + bn)F , where e := deg E
and r(2q− 2+ e) + bn ≥ 0. Finally, note that equality cannot occur, otherwise −rKX ≡ nL,
hence q = 0 and rk〈KX , L〉 = 1, contradicting (ii). 
In particular, we have
Corollary 3.7. Conjecture C(n, r) in [9, Sec. 3] is true under the assumption that rKX+nL
is nef.
Remark 3.8. (i) When r = 1 (see [9, Corollary 4.1]), we do not need to assume that KX+nL
is nef, since this follows from adjunction theory and the fact that rk〈KX , L〉 = 2. Indeed, if
rk〈KX , L〉 = 2, then (X,L) 6=
(
Pn,OPn(1)
)
and therefore KX+nL is nef [2, Theorem 7.2.1].
(ii) Assume that L is r-very ample on X (see [2, p. 225]). Then Lγ ≥ r for any curve
γ ⊂ X (see [3, Corollary (1.3)]). So, if rKX + nL is not nef, then rKX + (n+ ǫ)L is nef but
not ample for some ǫ > 0. Thus by Mori theory, there exists an extremal rational curve C
on X such that (rKX + (n + ǫ)L)C = 0 and −KXC is the length ℓ(R) of the extremal ray
R := R+[C]. This gives
n + 1 ≥ −KXC = (n + ǫ)
LC
r
≥ n+ ǫ > n ,
that is, ℓ(R) = n+1. Thus by [13, (2.4.1)] we have Pic(X) = Z, which implies rk〈KX , L〉 = 1.
This shows that if L is r-very ample and rk〈KX , L〉 = 2, then rKX +nL is nef; in particular,
Conjecture C(n, r) is true if L is r-very ample.
Another consequence of Lemma 3.2 is the following result for Q-fibrations over smooth
curves, which is known in the case of quadric fibrations, i. e., r = 1 (see [7], or [6, (11.8)]).
Proposition 3.9. Let (X,L) be a polarized manifold of dimension n ≥ 3 and let r be a
positive integer such that gcd(r, n−1) = 1. Then (X,L) is a Q-fibration over a smooth curve
C with LF = OQn−1(r) for any general fiber F ∼= Q
n−1 if and only if there exist a vector
bundle E of rank n + 1 and line bundles A , B on C such that P := P(E ) contains X as a
smooth divisor in the linear system |2ξ + π˜∗A |, where ξ is the tautological line bundle on P ,
π˜ : P → C is the bundle projection, and L = (rξ + π˜∗B)X .
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Proof. The “if part” is obvious, the fibration morphism being π˜|X . To see the converse, let
π : X → C be the fibration morphism. Since gcd(r, n − 1) = 1, arguing as in the proof of
Proposition 3.5, we get an ample line bundle L on X such that (X,L ) is a quadric fibration
via π. Then, as n ≥ 3, the assertion follows from [7, (11.8), case b1-Q)] by taking E := π∗L
and noting that ξX = L . 
Notation 3.10. According to Proposition 3.9, a Q-fibration (X,L) over a smooth curve is
described by the following data: C, π, E ,A ,B and r. We set
g := g(C), e := deg E , a := degA , b := degB .
By the canonical bundle formula for P-bundles and adjunction, we get KX + (n − 1)ξX =
π∗(KC + det E + A ), hence
rKX + (n− 1)L = π
∗ (r (KC + det E + A ) + (n− 1)B) .
Therefore, rKX + (n− 1)L ≡ tF , where
(13) t := r(2g − 2 + e+ a) + (n− 1)b .
Clearly, if rKX + (n− 1)L is nef and rk〈KX , L〉 = 2, then t > 0.
The following result provides a characterization of Q-fibrations in terms of their HC, gen-
eralizing Proposition 3 and Theorem 6 of [10].
Theorem 3.11. Let (X,L) be a polarized manifold of dimension n ≥ 3 with rk〈KX , L〉 = 2
and consider a positive integer r such that gcd(r, n− 1) = 1. Then (X,L) is a Q-fibration as
in Notation 3.10 if and only if rKX + (n− 1)L is nef and
p(X,L)(x, y) =
1
n!
[
(1− n)
(
2nc+ 2e+ (n + 1)a
)
x2 + 2
(
(nc− (n− 2)e+ a)r − n(n− 1)b
)
xy+
+
(
(2e+ a)r2 + 2nbr
)
y2 + (n− 1)
(
2nc+ 2e+ (n + 1)a
)
x+
−
(
(nc− (n− 2)e+ a)r − n(n− 1)b
)
y −
n(n− 1)
2
c
]
·
n−2∏
j=1
(
ry − (n− 1)x+ j
)
,
where c := 2g − 2.
Proof. Let (X,L) be a Q-fibration as in 3.10. Then (X, ξX) is a quadric fibration over C. The
same equation as in [10, Proposition 3], rewritten in terms of coordinates (x′, y′) = (1
2
+u, v)
is the following (taking into account that b in [10] is our −a):
p(X,ξX)(x
′, y′) =
1
n!
[
(1− n)
(
2nc+ 2e+ (n + 1)a
)
x′2(14)
+ 2
(
nc− (n− 2)e+ a
)
x′y′ + (2e+ a)y′2
+ (n− 1)
(
2nc+ 2e+ (n+ 1)a
)
x′ −
(
nc− (n− 2)e+ a
)
y′
−
(
n
2
)
c
]
·
n−2∏
i=1
(
y′ − (n− 1)x′ + i
)
= 0.
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Recalling that L ≡ rξX + bF and 3.10, we have (t− (n− 1)b)F ≡ r(KX + (n− 1)ξX). Thus
F ≡
r
t− (n− 1)b
(KX + (n− 1)ξX) ,
and substituting this expression of F into xKX + y(rξX + bF ), we get
p(X,L)(x, y) = χ(xKX + yL) = χ(xKX + yξX) = p(X,ξX)(x, y) ,
where
(x, y) =
(
x+
br
t− (n− 1)b
y ,
tr
t− (n− 1)b
y
)
Then the expression of p(X,L)(x, y) follows from (14) by replacing (x
′, y′) with (x, y) as above
and taking into account (13).
To prove the converse, let p(X,L)(x, y) be as in the statement and write it as R(x, y) ·∏n−2
j=1
(
ry − (n − 1)x + j
)
. Then R(x, y) = Ax2 + Bxy + Cy2 + Ex + Gy +H , where A :=
1
n!
[(1− n)(2nc+ 2e+ (n + 1)a)] , B := 1
n!
[−2enr + 2cnr + 2bn− 2n2b+ 4re+ 2ar] and C :=
1
n!
[2er2 + r2a+ 2nbr]. Recalling (2), from the equality
1
n!
(KX+yL)
n = p0(1, y, 0) = R0(1, y, 0)·
n−2∏
j=1
(
ry−(n−1)
)
= (A+By+Cy2)·[ry + (1− n)]n−2 ,
where R0(x, y, z) is the homogeneous polynomial associated with R(x, y), we deduce that
Ln = Cn!rn−2, KXLn−1 = (n− 1)!
(
Br + C(n− 2)(1− n)
)
rn−3,
K2XL
n−2 = 2(n− 2)!
(
Ar2 +B(n− 2)r(1− n) + C
(n− 2)(n− 3)
2
(1− n)2
)
rn−4 .
A computation with Maple shows that (rKX + (n − 1)L)
2Ln−2 = r2K2XL
n−2 + 2r(n −
1)KXL
n−1 + (n− 1)2Ln = 0. On the other hand, 1
n!
(rKX + (n− 1)L)
n = p0(r, n− 1, 0) = 0
by (2). Therefore
(rKX + (n− 1)L)
n = 0 and (rKX + (n− 1)L)
2Ln−2 = 0 .
Since rKX + (n− 1)L is nef, by applying Remark 1.1 we see that the morphism ϕ has a one
dimensional image, i. e., Y is a smooth curve. Thus by Lemma 3.2 with (σ, τ) = (r, n − 1),
there exists an ample line bundle L on X such that KX +(n− 1)L = p(rKX +(n− 1)L) =
ϕ∗D for some ample line bundle D on Y . Since rk〈KX ,L 〉 = rk〈KX , L〉 = 2, we conclude
that (X,L ) is a quadric fibration over Y [2, §§7.2, 7.3]. Then Lemma 3.2 (c) allows us to
conclude. 
Remark 3.12. (j) An alternative way to get the expression of p(X,L)(x, y) in Theorem 3.11
is to follow the method outlined at the beginning of this section summarized by Algorithm 2
in the Appendix.
(jj) When r = 1 (see [10, Theorem 6]), we do not need to assume that KX + (n − 1)L is
nef, provided that (X,L) is not a scroll over a smooth curve and rk〈KX , L〉 = 2. Actually,
under these assumptions, this property comes from [2, Proposition 7.2.2 and Theorem 7.2.4].
(jjj) Assume that L is r-very ample on X and argue as in Remark 3.8. If rKX + (n− 1)L
is not nef, then rKX + (n − 1 + ǫ)L is nef but not ample for some ǫ > 0. Hence by Mori
theory and [2, Lemma 6.4.2] there exists an extremal rational curve C on X such that
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(rKX + (n− 1 + ǫ)L)C = 0 and −KXC is the length ℓ(R) of the extremal ray R := R+[C].
This gives
n+ 1 ≥ −KXC = (n− 1 + ǫ)
LC
r
≥ n− 1 + ǫ > n− 1 ,
that is, ℓ(R) = n or n + 1. Therefore by [13, (2.4)] we have either Pic(X) = Z, which
implies rk〈KX , L〉 = 1, or Pic(X) = Z ⊕ Z and the contraction of R defines a morphism
ρR : X → B onto a smooth curve B whose general fiber F is a smooth Fano manifold with
Pic(F ) = Z. Let Γ be any rational curve on F . Then the nefvalue morphism associated to
(X,L) with nefvalue n−1+ǫ
r
contracts Γ, hence (rKX + (n− 1 + ǫ)L) Γ = 0. This shows that
−KFΓ = −KXΓ = (n−1+ǫ)
LΓ
r
> n−1, i. e., −KFΓ ≥ n = dimF+1. Thus by [2, Theorem
6.3.14] we get F ∼= Pn−1. Since distinct general fibers of ρR are numerically equivalent, from
Proposition 3.5 we deduce that X = P(V ) for a vector bundle V of rank n on B. The above
argument shows that if L is r-very ample on X with gcd(r, n − 1) = 1, rk〈KX , L〉 = 2 and
X is not a Pn−1-bundle over a smooth curve, then rKX + (n− 1)L is nef.
(jv) Taking r = 1 and b = 0 in Theorem 3.11, the polynomial p(X,L)(x, y) coincides with
that given in [10, Proposition 3] in terms of coordinates (x, y) instead of (u, v).
Finally, let us give here also a characterization of Fano fibrations of coindex 2 over smooth
curves in the case r = 1.
Theorem 3.13. Let (X,L) be a polarized manifold of dimension n ≥ 3. Suppose that (X,L)
is a Fano fibration of coindex 2 over a smooth curve of genus g such that KX+(n−2)L ≡ tF
for some positive integer t, where F is a general fiber of X. Then
p(X,L)(x, y) =
( ∑
0≤i+j≤3
cijx
iyj
)
·
n−3∏
i=1
(
y − (n− 2)x+ i
)
,
with
c30 = (n− 2)
2
(
tδ
(n− 1)!
− (n− 2)
d
n!
)
,
c21 = −(n− 2)
(
2tδ
(n− 1)!
− 3(n− 2)
d
n!
)
,
c12 =
tδ
(n− 1)!
− 3(n− 2)
d
n!
,
c03 =
d
n!
,
c20 = −
3
2
(n− 2)2
(
tδ
(n− 1)!
− (n− 2)
d
n!
)
,
c11 = (n− 2)
(
2tδ
(n− 1)!
− 3(n− 2)
d
n!
)
,
c02 = −
1
2
(
tδ
(n− 1)!
− 3(n− 2)
d
n!
)
,
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c10 =
1
2
(n− 2)2
(
tδ
(n− 1)!
− (n− 2)
d
n!
)
+ 2
g − 1
(n− 3)!
,
c01 =
χ
(n− 2)!
+
1
2
tδ
(n− 1)!
−
d
2(n!)
(3n− 4) +
g − 1
(n− 3)!
,
c00 = −
g − 1
(n− 3)!
,
where d := Ln, δ := FLn−1 and χ := χ(L) = 1
2
(d− tδ + 2t)− n(g − 1). Conversely, assume
that rk〈KX , L〉 = 2 and KX+(n−2)L is nef. If p(X,L)(x, y) is as above for integers d, δ, χ, t, g
such that χ = 1
2
(d− tδ + 2t)− n(g − 1), then (X,L) is a Fano fibration of coindex 2 over a
smooth curve of genus g such that KX + (n− 2)L ≡ tF , χ(L) = χ, L
n = d and FLn−1 = δ
for any general fiber F of X.
Proof. Let (X,L) be a Fano fibration of coindex 2 over a smooth curve C via a morphism
ϕ : X → C and let F be a general fiber. By [1, Theorem 6.1], we know that
p(X,L)(x, y) = R(x, y) ·
ιF−1∏
i=1
(
y − ιFx+ i
)
= R(x, y) ·
n−3∏
i=1
(
y − (n− 2)x+ i
)
,
where R(x, y) =
∑
0≤i+j≤3 cijx
iyj for some cij ∈ Q. Since R(x, y) = −R(1 − x,−y) we have
the relations
(15) c30 = 4c00 + 2c10 , c21 = −c11 , c12 = −2c02 , c20 = −6c00 − 3c10 .
By Theorem 2.7 applied to the pair (F, LF ), we deduce that
p(F,LF )(x, y) =
(
δ
(n − 1)!
(y − (n− 2)x)2+
(n− 2)δ
(n − 1)!
(y − (n− 2)x)+
1
(n− 3)!
)
·
n−3∏
i=1
(
y−(n−2)x+i
)
.
Now apply (9) and Algorithm 2, noting that the polynomial RF (x, y) appearing in (9) is just
the first factor of p(F,LF )(x, y). Next the use of the following relations
1− g = χ(OC) = χ(OX) = p(X,L)(0, 0), χ(L) = p(X,L)(0, 1),
Ln
n!
= p0(0, 1, 0),
coming from ϕ∗OX = OC , the projection formula and (2), allow us to express the cij’s in
terms of d, δ, t, χ, g. Finally, from the relation
t + 1− g = χ(ϕ∗(tF )) = χ(tF ) = p(X,L)(1, n− 2) = R(1, n− 2)(n− 3)! ,
by using Maple we get χ := χ(L) = 1
2
(d− tδ + 2t) − n(g − 1). This gives the first part of
the statement.
Now suppose that (X,L) is a polarized manifold of dimension n ≥ 3 with rk〈KX , L〉 = 2,
such that p(X,L)(x, y) is as in the statement for some integers d, δ, χ, t, g such that χ =
1
2
(d− tδ + 2t) − n(g − 1). The expression of p(X,L)(x, y) combined with (2) shows that
(KX + (n− 2)L)
n = p0(1, n− 2, 0) = 0. Thus, KX + (n− 2)L is nef but not big. By Remark
1.1, there exists a morphism ϕ : X → Y onto a normal variety Y with dimY < dimX such
that KX + (n− 2)L = ϕ
∗D for some nef line bundle D on Y . Recalling (2), we have
p0(x, 1, 0) =
1
n!
(
xKX + L
)n
=
1
n!
(
Ln +
(
n
1
)
KXL
n−1x+
(
n
2
)
K2XL
n−2x2 + . . .
)
.
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On the other hand,
p0(x, 1, 0) = (c30x
3 + c21x
2 + c12x+ c03) ·
n−3∏
i=1
(
1− (n− 2)x
)
=
= (−1)n−3(c30x
3 + c21x
2 + c12x+ c03) ·
(
(n− 2)x− 1
)n−3
=
= c03 + (−1)
n−3
[
c03
(
n− 3
1
)
(n− 2)(−1)n + c12(−1)
n−1
]
x +
+
[
c21 − c12
(
n− 3
1
)
(n− 2) + c03
(
n− 3
2
)
(n− 2)2
]
x2 + . . . .
Comparing the coefficients, we get
Ln = n! c03 , KXL
n−1 = (−1)n−3(n− 1)!
[
c03
(
n− 3
1
)
(n− 2)(−1)n + c12(−1)
n−1
]
,
K2XL
n−2 = 2(n− 2)!
[
c21 − c12
(
n− 3
1
)
(n− 2) + c03
(
n− 3
2
)
(n− 2)2
]
and then a computation with Maple shows that
(KX + (n− 2)L)
2Ln−2 = K2XL
n−2 + 2(n− 2)KXLn−1 + (n− 2)2Ln = 0 .
Therefore, dimY ≤ 1. Since rk〈KX , L〉 = 2, this implies dimY = 1 and the fact that D is
ample. Thus (X,L) is a Fano fibration of coindex 2 over the smooth curve Y whose genus
g(Y ) is g, because
1− g(Y ) = χ(OY ) = χ(OX) = p(X,L)(0, 0) = (n− 3)! c00 = 1− g .
Moreover, writing KX + (n − 2)L ≡ t
′F for some positive integer t′, where F is a general
fiber of ϕ, by the relation χ = 1
2
(d− tδ + 2t)− n(g − 1) we see that
t′ + 1− g = χ(t′F ) = χ(KX + (n− 2)L) = p(X,L)(1, n− 2) = t+ 1− g ,
i. e., t′ = t. Finally, in view of the above expressions of Ln and KXLn−1 we have FLn−1 =
1
t
(KXL
n−1 + (n− 2)Ln) = δ. 
Remark 3.14. A result similar to Theorem 3.13 can be obtained for rKX + (n− 2)L ≡ tF
with r a positive integer such that gcd(r, n − 2) = 1 by using Lemma 3.2. Notice that the
corresponding expression of p(X,L)(x, y) is very intricate.
4. Case rk〈KX , L〉 = 2: Fano fibrations over varieties
Here we describe a procedure to obtain the canonical equation of the Hilbert curve for
Fano fibrations of low coindex over a normal variety of dimension m ≥ 2.
More precisely, let X be a manifold of dimension n and let π : X → Y be a morphism
onto a normal variety Y of dimension m < n. Let L be an ample line bundle on X such that
rKX + ιFL = π
∗A for some ample line bundle A on Y . Then there exists an integer s >> 0
such that sA is very ample on Y . Thus s(rKX + ιFL) = π
∗sA is spanned on X and then we
can take a smooth irreducible element V ∈ |π∗sA|. Consider the following exact sequence
0→ xKX + yL+ (x− 1)V → xKX + yL+ xV → xKV + yLV → 0 .
Since V ∈ |srKX + sιFL|, we have
(16) p(X,L)
(
x(sr + 1), y + sxιF
)
= p(X,L)
(
(x− 1)sr + x, y + sιF (x− 1)
)
+ p(V,LV ) (x, y) ,
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with rKV + ιFLV = π|V ∗(rs+ 1)A. By using general coordinates (x′, y′), we can write
p(X,L)
(
x′, y′
)
= RX(x
′, y′) ·
ιF−1∏
i=1
(
ry′ − ιFx′ + i
)
,
for some polynomial RX of degree n − ιF + 1. Letting (x
′, y′) = (x(sr + 1), y + sxιF ) and
((x− 1)sr + x, y + sιF (x− 1)) respectively, we obtain
p(X,L)
(
x(sr + 1), y + sxιF
)
= RX(x(sr + 1), y + sxιF ) ·
ιF−1∏
i=1
(
ry − ιFx+ i
)
,
p(X,L)
(
(x− 1)sr+x, y+ sιF (x− 1)
)
= RX((x− 1)sr+x, y+ sιF (x− 1)) ·
ιF−1∏
i=1
(
ry− ιFx+ i
)
.
Similarly, for the pair (V, LV ) we have
p(V,LV )
(
x, y
)
= RV (x, y) ·
ιF−1∏
i=1
(
ry − ιFx+ i
)
.
Thus (16) gives
(17) RX
(
x+ srx, y + sιFx
)
= RX
(
(x+ srx)− sr, (y + sιFx)− sιF
)
+RV
(
x, y
)
.
Set M :=
(
sr + 1 0
sιF 1
)
, ~v := (−sr,−sιF ) and ~x := (x, y). Then (17) becomes
(18) RX
(
~xM) = RX
(
~xM + ~v
)
+RV
(
~x
)
.
Letting X0 := X and X1 := V , equation (18) can be rewritten as
RX0
(
~xM) = RX0
(
~xM + ~v
)
+RX1
(
~x
)
.
For any j ∈ {0, ..., m − 2}, denote by Xj the pull-back via π of the transverse intersection
of j general elements of |sA|. Then by an inductive argument we obtain rKXj + ιFLXj =
π|Xj
∗(jrs+ 1)A and
(19) RXj
(
~xM) = RXj
(
~xM + ~v
)
+RXj+1
(
~x
)
for j ∈ {1, ..., m− 2}. Equation (19) says that if we know the term RXj+1
(
~x
)
, it is possible
to go back to the term RXj
(
~x
)
, and so on.
Finally, consider the case j = m − 1 and for simplicity set W := Xm−1 and R
(
~x
)
:=
RW
(
~x
)
. Then p(W,LW )(~x) = R(~x) ·
∏ιF−1
k=1
(
ry − ιFx + k
)
. Note that W is a smooth variety
of dimension n − m + 1 endowed with a morphism ϕ := π|Xm−1 : W → C onto a smooth
irreducible curve C which is the transverse intersection of m − 1 general elements of |sA|.
Then rKW + ιFLW = ϕ
∗A for some ample line bundle A on C. Hence rKW + ιFLW ≡ tF
for some positive integer t. Thus, for a general fiber F of ϕ, by considering the following
exact sequences
0→ xKW + yLW − F → xKW + yLW → xKF + yLF → 0 ,
0→ xKW + yLW − 2F → xKW + yLW − F → xKF + yLF → 0 ,
. . .
0→ xKW+yLW−tF = (x−r)KW+(y−ιF )LW → xKW+yLW−(t−1)F → xKF+yLF → 0 ,
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we obtain that
(20) p(W,LW )(x, y) = p(W,LW )(x− r, y − ιF ) + t p(F,LF )(x, y) .
Since F is a Fano manifold with rKF + ιFLF = OF , by Proposition 2.1 we know that
p(F,LF )(x, y) = RF (x, y) ·
ιF−1∏
i=1
(
ry − ιFx+ i
)
,
for a suitable polynomial RF of degree n−m− ιF + 1. Then equation (20) with the above
relations yields
(21) R(x, y) = R(x− r, y − ιF ) + t RF (x, y).
Therefore, once we know RF (x, y), from (21) we can find R(~x) := R(x, y). In conclusion, by
(19), going back by induction, we can obtain all the RXj
(
~x
)
’s. This completes the procedure
(see Algorithm 3, in the Appendix).
Remark 4.1. A Fano fibration of dimension n and coindex 0 over a normal surface is in
fact a projective bundle P(V ) for some ample vector bundle V of rank n− 1 over a smooth
surface in view of [4, (3.2.1)] and [6, Lemma (2.12)].
As an example, we apply the above method to find the Hilbert curve of a scroll over a
smooth surface with the help of Maple.
Example 4.2. Let X := P(V ) for some ample vector bundle V of rank n− 1 over a smooth
surface S. Let L be the tautological line bundle and let F ∼= Pn−2 be a fiber of the bundle
projection π : X → S. In this case ιF = n− 1. So, letting r = 1, we have
p(X,L)(x, y) = R(x, y) ·
ιF−1∏
i=1
(
ry − ιFx+ i
)
= R(x, y) ·
n−2∏
i=1
[
y − (n− 1)x+ i
]
,
where, due to the invariance of p(X,L) under the Serre involution, the polynomial R(x, y) has
the following expression:
(22) R(x, y) = a11x
2 + 2a12xy + a22y
2 − a11x− a12y + a00 ,
with a00 =
χ(OX)
(n−2)! , for some a11, a12, a22 ∈ Q. Since we are assuming that (X,L) is a scroll
over S, we have KX + (n− 1)L = π
∗A for some ample line bundle A on S. Moreover,
(23) A := KS + detV
by the canonical line bundle formula. Let s be a positive integer such that sA is very ample.
Let C ∈ |sA| be any smooth curve and let V = π−1(C). In the present case (17) becomes
R
(
(1 + s)x, y + s(n− 1)x
)
= R
(
(1 + s)x− s, (y + s(n− 1)x)− s(n− 1)
)
+R(V,LV )
(
x, y
)
.
Note that (V, LV ) is a scroll over C via π|V : V → C. Then by Theorem 3.6 we know that
R(V,LV )
(
x, y
)
=
2q − 2
(n− 2)!
x+
d
(n− 1)!
y −
q − 1
(n− 2)!
.
Here q = g(C) = 1 + s
2
(KSA+ sA
2) by the genus formula and
(24) d = Ln−1V = (detV )C = sA(A−KS)
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by the Chern-Wu relation and (23). So, by using Maple and comparing R
(
(1+ s)x, y+ s(n−
1)x
)
− R
(
(1 + s)x− s, (y + s(n− 1)x)− s(n− 1)
)
with R(V,LV )
(
x, y
)
, we obtain
a11 =
n− 1
2(s2 + s)n!
{ [
−2χ(OS)(n− 1)
2 + 2χ(L)(n − 1)
]
(s2 + s)− d(n+ 1)s + n(2q − 2)− d
}
=
n− 1
2n!
[
−2χ(OS)(n − 1)
2 + 2χ(L)(n − 1) + (n+ 1)KSA−A
2
]
,
a12 =
1
2s(n!)
{ [
2χ(OS)(n − 1)
2 − 2χ(L)(n − 1)
]
s+ d
}
=
1
2(n!)
[
2χ(OS)(n − 1)
2 − 2χ(L)(n − 1)−KSA+A
2
]
,
a22 =
1
2s(n!)
{
[−2χ(OS)(n − 1) + 2χ(L)] s+ d
}
=
1
2(n!)
[
−2χ(OS)(n − 1) + 2χ(L)−KSA+A
2
]
.
Note that to get the final expressions of the aij ’s we used (24) and the fact that −d(n+1)s+
n(2q − 2)− d = (s2 + s)[(n+ 1)KSA− A
2].
Actually, Fano fibrations of coindex 0 over a smooth surface can be characterized by means
of their HC.
Theorem 4.3. Let (X,L) be a polarized manifold of dimension n ≥ 3. If (X,L) is a Fano
fibration of coindex 0 over a smooth surface S then
p(X,L)(x, y) =
1
n!
{
n− 1
2
[
−2χ0(n− 1)
2 + 2χ(n− 1) + (n + 1)k − h
]
x2 +
+
[
2χ0(n− 1)
2 − 2χ(n− 1)− k + h
]
xy +
+
1
2
[−2χ0(n− 1) + 2χ− k + h] y
2 +
+
n− 1
2
[
2χ0(n− 1)
2 − 2χ(n− 1)− (n+ 1)k + h
]
x +
+
1
2
[
−2χ0(n− 1)
2 + 2χ(n− 1) + k − h
]
y +
+ n(n− 1)χ0
}
·
n−2∏
i=1
(
y − (n− 1)x+ i
)
,
where χ0 := χ(OS), χ := χ(L), k := KSA and h := A
2, A being an ample line bundle on S
such that KX +(n− 1)L = π
∗A. Conversely, assume that rk〈KX , L〉 = 2 and KX +(n− 1)L
is nef. If p(X,L)(x, y) is as above for some integers χ0, χ, k, h with h > 0, then (X,L) is a
Fano fibration of coindex 0 over a smooth surface.
Proof. Keeping in mind Remark 4.1, the “only if” part of the statement follows from Example
4.2 once we consider that X = P(E ) for some ample vector bundle E of rank n − 1 on S,
L being the tautological line bundle, and A = KS + det E . Thus assume that (X,L) is a
polarized manifold of dimension n ≥ 3 with rk〈KX , L〉 = 2 for which KX + (n − 1)L is nef
and p(X,L)(x, y) is as in the statement. Note that (KX +(n−1)L)
n = n!p0(1, n−1, 0) = 0 by
(2). Hence KX + (n− 1)L is nef but not big. Thus by Remark 1.1 there exists a morphism
ϕ : X → Y onto a normal variety Y with dimY < n such that
(25) KX + (n− 1)L = ϕ
∗D
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for some nef line bundle D on Y . Write p(X,L)(x, y) = R(x, y) ·
∏n−2
i=1
(
y− (n−1)x+ i
)
, where
R(x, y) is as in (22) of Example 4.2. From
1
n!
(xKX + L)
n = p0(x, 1, 0) =
(
a11x
2 + 2a12x+ a22
)
· [(n− 1)x− 1]n−2 ,
it follows that
1
n!
[
Ln +
(
n
1
)
KXL
n−1x+
(
n
2
)
K2XL
n−2x2 +
(
n
3
)
K3XL
n−3x3 + . . .
]
=
= a22(−1)
n +
[
a22
(
n− 2
1
)
(−1)n−1(n− 1) + 2a12(−1)n
]
x +
+
[
a22
(
n− 2
2
)
(−1)n(n− 1)2 + 2a12
(
n− 2
1
)
(−1)n−1(n− 1) + a11(−1)n
]
x2 +
+ (−1)n−1
[
a22
(
n− 2
3
)
(n− 1)3 − 2a12
(
n− 2
2
)
(n− 1)2 + a11
(
n− 2
1
)
(n− 1)
]
x3 + . . . .
Comparing the coefficients of x2, xy and y2, a computation with Maple shows that
(KX + (n− 1)L)
3Ln−3 = K3XL
n−3 + 3(n− 1)K2XL
n−2 + 3(n− 1)2KXLn−1 + (n− 1)3Ln = 0,
hence dim Y ≤ 2. Note that dimY = 1 or 2, because rk〈KX , L〉 = 2. Since the nefvalue of
(X,L) is n − 1 in view of (25), we deduce by [2, Theorem 7.3.2] and [7, (11.8)] that (X,L)
is either (i) a scroll over a smooth surface or (ii) a quadric fibration over a smooth curve of
genus q. Assume we are in case (ii). Then comparing the coefficients of x2, xy, y2 in R(x, y)
of p(X,L) given in the statement with those provided by Theorem 3.11 for r = 1 (see formula
(14)), we get the following equalities:
n!a11 =
n− 1
2
[
−2χ0(n− 1)
2 + 2χ(n− 1) + (n + 1)k − h
]
= (1− n) [2n(2q − 2) + 2e+ (n + 1)a] ,
n!a12 =
1
2
[
2χ0(n− 1)
2 − 2χ(n− 1)− k + h
]
= n(2q − 2)− (n− 2)e+ a ,
n!a22 =
1
2
[−2χ0(n− 1) + 2χ− k + h]
= 2e+ a .
A check with Maple shows that the above three equations imply h = 0, but this is impossible
because h is assumed to be a positive integer. Thus (X,L) is as in case (i), i. e. (X,L) is a
Fano fibration of coindex 0 over a smooth surface. 
A result similar to Theorem 4.3 holds also for rKX + (n − 1)L with gcd(r, n − 1) = 1.
Finally, summing-up the above results and the proof of [9, Proposition 5.1], we can deduce
also the following result comparable with Corollary 3.7 for (n, r) = (3, 2).
Corollary 4.4. The Conjecture C(3, 2) stated in [9] is true provided that (X,L) does not
contain (−1)-planes.
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5. Appendix
Here is the link to the program in MAGMA [5] used to obtain Proposition 2.2 with a case-
by-case analysis:
https://www.dropbox.com/s/lgkk411cwev2mbw/MagmaProgram.docx?dl=0
Here are the three main algorithms cited in the paper:
Algorithm 1 The Hilbert curve Γ of a Fano manifold X of index i for L := r
ιX
(−KX) with
r ∈ Z≥1
Require: r, ιX , n
Ensure: Γ
1: if n > 1, 0 < ιX ≤ n+ 1 then
2: cX ← n− ιX + 1
3: procedure RHilbPolynF(ιX)
4: if ιX = 1 then δ(l)← 1
5: else δ(l)←
∏ιX−1
h=1 (l + h)
6: end if
7: for j = 0, ..., cX do bj ←
1
δ(j)
h0
(
j
ιX
(−KX)
)
8: end for
9: U ← Vandermonde Matrix of {0, 1, ..., cX}
10: (a0, a1, ..., acX)← (b0, b1, ..., bcX ) · U
−1
11: R(X,L)(x, y)←
(∑µ
k=0 ak(ry −mx)
k
)
12: return R(X,L)(x, y)
13: end procedure
14: end if
Algorithm 2 The Hilbert curve Γ of a Fano fibration π : X → C with dimX = n, fiber F
Require: F , r, ιF , n, t
Ensure: Γ
1: if n > 1, 0 < ιF ≤ n then
2: Find R(x, y) with suitable conditions such that
3: if t > 0 then
4: Consider R(x, y) = R(x− r, y − ιF ) + t·RHilbPolynF(ιF )
5: end if
6: if t < 0 then
7: Consider R(x, y) = R(x+ r, y + ιF )− t·RHilbPolynF(ιF )
8: end if
9: p(X,L)(x, y)← R(x, y) ·
∏ιF−1
k=1 (ry − ιFx− k)
10: return Γ : p(X,L)(x, y) = 0
11: end if
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Algorithm 3 The Hilbert curve Γ of a Fano fibration π : X → Y with m = dimY ≥ 2, fiber
F
Require: A, F , r, ιF , n,m
Ensure: Γ
1: if n > m, 0 < ιF ≤ n−m+ 1 then
2: cF ← n−m− ιF + 1
3: s← 1
4: repeat
5: s← s+ 1
6: until sA is very ample
7: t← sm−1(rs+ 1)
m(m−1)
2 Am
8: Find RXm−1(x, y) such that RXm−1(x, y) = RXm−1(x− r, y − ιF ) + t·RHilbPolynF(ιF )
9: M ←
(
sr + 1 0
sιF 1
)
10: ~v ← (−sr,−sιF )
11: ~x← (x, y)
12: j ← m
13: repeat
14: j ← j − 1
15: Find RXj−1(x, y) such that RXj−1
(
~xM) = RXj−1
(
~xM + ~v
)
+RXj
(
~x
)
16: until j = 1
17: p(X,L)(x, y)← RX0(x, y) ·
∏ιF−1
k=1 (ry − ιFx+ k)
18: return Γ : p(X,L)(x, y) = 0
19: end if
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